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Problem 1.1. $(G,H)$ $G/H$
?
$G$ $\Gamma$ $G/H$ $\Gamma$
$G/H$ $G/H$
(see [9]).
$(G, H)$ $H$ $G$
$\Gamma$ $G/H$






$H$ 80 [6, 7, 8]
[12,14,15,17,20]







21. $G$ $\sigma$ : $Garrow G$
$H$ $G^{\sigma}:=\{g\in G|\sigma g=g\}$
$G/H$ $G$ $\mathfrak{g}$
$\sigma$ $arrow$ $\sigma$ $H$ $=\{X\in \mathfrak{g}|$
$\sigma X=X\}$ $q:=\{X\in$ $|\sigma X=-X\}$ $\mathfrak{g}=$ $\oplus q$
$\mathfrak{g}_{\mathbb{C}}$ $\mathfrak{g}$ $\mathfrak{g}_{\mathbb{C}}$
$\mathfrak{g}^{c}:=$ $\oplus\sqrt{-1}q$ $(\mathfrak{g}, \sigma)$
c-dual $\mathfrak{g}^{c}$ $\mathfrak{g}_{\mathbb{C}}$ $\sigma$ $\mathbb{C}$
22. 21
(i) $\Phi$ : $SL(2, \mathbb{R})arrow G$ $SL(2, \mathbb{R})$ $\Phi$
$G/H$
(ii) $g\geq 2$ $G/H$ $g$ $\Sigma_{g}$
(iii) $G/H$ $\Gamma$ virtually-abelian $(i.e$ . $\Gamma$
).
(iv) $\mathfrak{g}_{\mathbb{C}}$ $O_{n}$ $\mathfrak{g}$ $\mathfrak{g}^{c}$
2
(V) $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ $\mathbb{C}$ $\mathcal{O}_{hyp}$ $\mathfrak{g}$ $\mathfrak{g}^{c}$
22
23 gc $\mathbb{C}$ $\mathfrak{g}^{c}$
$\mathbb{C}$
$\ovalbox{\tt\small REJECT}$ :
(iv) $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{nilp}$ $\mathfrak{g}$ $\mathfrak{g}^{c}$




(i) (ii) (ii) (iii)
(cf. Kra[13]) (i)
(iv) [6] (iii) (v)
Benoist [3] 2.3 (v)
(iv) 22 2.2






$\mathfrak{g}_{\mathbb{C}}$ ) $\mathbb{C}$ $\triangle$ $(\mathfrak{g}_{\mathbb{C}}, \mathfrak{j}_{\mathbb{C}})$
) $c$ ) ): $=\{X\in j_{\mathbb{C}}|\alpha(X)\in \mathbb{R}(^{\forall}\alpha\in\triangle)\}$
$i$ $9c$ $\triangle$
$W(\triangle)$ $W(\Delta)$ ) $\Delta$
3
positive system $\Delta+$ ; ) $+$ ) $+;=\{X\in \mathfrak{j}|\alpha(X)\geq$
$0(^{\forall}\alpha\in\Delta_{+})\}$ ) $+$ $W(\Delta)$
$9c$ Fact
Fact 3.1. $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$ $\mathcal{O}_{hyp}\cap$ ; W$(\Delta$ $)$ -
) $+$ $X_{O_{hyp}}$ $X_{\mathcal{O}_{hyp}}\in \mathcal{O}_{hyp}$
) $+$ $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$ $X_{O_{hyp}}\in$
$\mathfrak{j}+$ $\mathfrak{g}_{\mathbb{C}}$
$\dot{1}+$
$\triangle_{+}$ simple system $\Pi$ $\Pi$ ) $*$
$)+=\{X\in)|\alpha(X)\geq 0(^{\forall}\alpha\in\Pi)\}$ $\Pi$ Dynkin
Dynkin
$\mathbb{R}_{>0}$- Dynkin )
Dynkin $X\in$ ) $\alpha\in\Pi$ $\alpha(X)$
Dynkin ”
$;+$ $\mathbb{R}_{\geq 0}$- Dynkin




33. $\mathfrak{g}_{\mathbb{C}}=\epsilon \mathfrak{l}(6, \mathbb{C})$
a $b$ $c$ $d$ $e$
– $a,$ $b,$ $c,$ $d,$ $e\in \mathbb{R}_{\geq 0}$
$5[(6, \mathbb{C})$
3.2 $-1$
$9c$ $O$hyp $-O$hyp $=\mathcal{O}_{hyp}$
) $+$ $W(\triangle)$ $-;+$
$W(\Delta)$ $W(\triangle)$ $w+$ ) $+$ $-)+$
$W(\triangle)$ $\triangle_{+}$ $w+$
4
:34. $\mathbb{C}$ $O_{hyp}$ $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ $-w_{+}Xo_{hyp}=X_{O_{hyp}}$
Proof. $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ $w_{+}X_{\mathcal{O}_{hyp}}=-X_{O_{hyp}}$ Fact
3.1 $-X_{O_{hyp}}\in \mathcal{O}_{hyp}\cap \mathfrak{j}=W(\triangle)Xo_{hyp}$ $-X_{O_{hyp}}$ $F$ $-\dot{1}+$
$w+X_{\mathcal{O}_{hyp}}=-X_{O_{hyp}}$ $-Xo_{hyp}=w+Xo_{hyp}$ $\mathcal{O}$hyp $=$
$\mathcal{O}_{hyp}$ $-Xo_{hyp}\in W(\triangle)Xo_{hyp}=\mathcal{O}_{hyp}\cap)$ $X_{hyp}\in$
$O_{hyp}$ $X\in \mathcal{O}_{hyp}$ $-X\in O_{hyp}$
$X\in \mathcal{O}_{hyp}$ $g\in$ Int $9c$ $X=g\cdot X_{\mathcal{O}_{hyp}}$









Dynkin ) $w+$ Dynkin
$w+$ Dynkin
34
3.5. $9c$ $\mathcal{O}_{hyp}$ $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$
Dynkin $-w+$
3.6. $\mathbb{C}$ $=\epsilon l(6, \mathbb{C})$ $-w+$ Dynkin $180^{o}$




a $b$ $c$ $b$ a
$–$ $a,$ $b,$ $c\in \mathbb{R}_{\geq 0}$
Dynkin
$w+$ 2 $-w+$ 2
$A_{l},$ $D_{l},$ $E_{6}$- $(l\in N)$ $-w_{+}^{*}$
$A_{l},$ $D_{l},$ $E_{6}$-
$-w+$ :
$A_{l}$ $(l\geq 1, \mathfrak{g}_{C}=\epsilon 1(l+1, \mathbb{C}))$ $-w+$ :
$a_{1}$ $a_{2}$ $a\iota-1$ $a_{l}$ $a_{l}$ $a\iota-1$ $a_{2}$ $a_{1}$
$\mapsto-\infty$ $\mapsto$ $\mapsto-\infty$
$D_{l}$ $(l\geq 4,$ $\mathbb{C}=5O(2l, \mathbb{C}))$ $l$
$\{\begin{array}{l}l \text{ } -w+ \text{ }l \text{ } w+ \text{ }:\end{array}$
$E_{6}$ $(\mathfrak{g}_{\mathbb{C}}=\mathfrak{e}_{6})$ $-w+$ :





$\mathfrak{g}=f\oplus \mathfrak{p}$ $u:=f\oplus\sqrt{-1}\mathfrak{p}$ gc
( $\mathfrak{g}$ c-dual $\mathfrak{g}_{\mathbb{C}}$
). $\mathfrak{p}\subset\sqrt{-I}u$ $\mathfrak{p}$ $\alpha$
6
/:Tu $\alpha$ )
$\mathfrak{j}$ ) $\mathbb{C}:=)\oplus\sqrt{-1}\mathfrak{j}$ $\mathbb{C}$
$(9\mathbb{C},)c)$ $\triangle$ $\dot{)}=\{X\in \mathfrak{j}_{\mathbb{C}}|\alpha(X)\in \mathbb{R}(^{\forall}\alpha\in\triangle)\}$
$\Sigma:=\{\alpha|_{a}\in a^{*}|\alpha\in\triangle\}\backslash \{0\}$
$(\mathfrak{g}, a)$ $\triangle$ $W(\Delta),$ $\Sigma$
$W(\Sigma)$ ), $a$ $\Sigma$ positive
system $\Sigma_{+}$ $\triangle$ positive system $\triangle_{+}$ $\alpha\in\triangle$
$\alpha|$ $\Sigma^{+}\cup\{0\}$ $\Delta+,$ $\Sigma_{+}$
$\dot{I}+:=\{X\in)|\alpha(X)\geq 0(^{\forall}\alpha\in\triangle_{+})\}$ ) $+$
$\alpha_{+}:=\{X\in a|\xi(X)\geq 0(\xi\in\Sigma_{+})\}$
$)+\cap a$ $\alpha+$ $W(\Sigma)$ $a$
Fact 3.1 Fact :
Fact 3.7. $O_{h_{-}}^{0}$ . $O_{hyp}^{0}\cap\alpha$ $W(\Sigma)$
$\alpha+$ $X_{\mathcal{O}_{hyp}^{0}}$ $X_{\mathcal{O}_{hyp}^{0}}\in 0_{hyp}^{0}$
$9c$ $\mathcal{O}_{hyp}$ 9 Fact 3.1
38. $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$ $\mathfrak{g}$ $\mathcal{O}_{hyp}$ $\mathfrak{j}+$ $\overline{\pi}$
$X_{O_{hyp}}$ $a+$
Proof. $X_{\mathcal{O}_{hyp}}\in\alpha+$ $\mathcal{O}_{hyp}$ $\mathfrak{g}$ $\mathcal{O}_{hyp}$ $\mathfrak{g}$
$X_{O_{hyp}}\in a+$ $X\in \mathcal{O}_{hyp}\cap \mathfrak{g}$ $X$
$X$
$\mathfrak{g}$ $O_{hyp}^{0}$ Fact 3.7 $X_{\mathcal{O}_{hyp}^{0}}\in O_{hyp}^{0}\cap a+$
$X_{O_{hyp}^{0}}$ $O_{hyp}^{0}\subset O_{hyp}$ $\alpha+\subset$ ) $+$

















39. $\Pi$ Dynkin $D$ $\Pi$ $\mathfrak{g}$ $S$
:
$\alpha\in\Pi$ $\alpha$ $S$ $D$ $\alpha$




3.10. $j$ $X$ $X\in\alpha$ $X$ Dynkin
9
Proof. $X\in$ ) Dynkin 9
$\{\begin{array}{ll}\alpha|_{a}=0 \Rightarrow\alpha(X)=0 (\alpha\in\Pi)\alpha|_{a}=\beta| \text{ }\Rightarrow\alpha(X)=\beta(X) (\alpha, \beta\in\Pi)\end{array}$
$\alpha$ Dynkin 9
)
$\alpha’$ $:=$ { $X\in j|X$ Dynkin 9 }
$\alpha’$
$\alpha$ $\{\alpha|_{a}\in\alpha^{*}|\alpha\in\Pi\}\backslash \{0\}$
$\{\xi_{1}, \ldots, \xi_{m}\}$ $\alpha’$ $m$ $a^{*}$
$\alpha$ $m$ $\alpha=\alpha’$
8
38 $\mathbb{R}_{\geq 0}$- Dynkin
gc
$31L\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$ 9 $\mathcal{O}_{hyp}$ $(\Pi$
$)\mathbb{R}_{\geq 0}$ - Dynkin $D_{\mathcal{O}_{hyp}}$ ( $\Pi$ ) $\mathfrak{g}$
312. $\mathfrak{g}_{\mathbb{C}}=\epsilon \mathfrak{l}(6, \mathbb{C}),$ $\mathfrak{g}=5U(4,2)$ $\mathcal{B}[(6, \mathbb{C})$
a $b$ $c$ $d$ $e$





















$\mathfrak{g}^{c}$ $\mathfrak{g}=e\oplus \mathfrak{p},$ $\mathfrak{g}^{c}=f^{c}\oplus \mathfrak{p}^{c}$
9
$u=t\oplus\sqrt{-1}\mathfrak{p}=f^{c}\oplus\sqrt{-1}\mathfrak{p}^{c}$ $:=\mathfrak{g}\cap \mathfrak{g}^{c}$ $\theta$






. $)\cap \mathfrak{p}($ $)$ $\mathfrak{p}($ $)$
$o\alpha:=)\cap \mathfrak{p}$ $\mathfrak{p}$. $a^{c}:=j\cap \mathfrak{p}^{c}$ $\mathfrak{p}^{c}$
) ) $c:=\mathfrak{j}\oplus\sqrt{-1})$ $kc$ $(9c,)\mathbb{C})$
$\Delta$ $(\mathfrak{g}, \alpha)$ $\Sigma,$ $(\mathfrak{g}^{c}, \alpha^{c})$
$\Sigma^{c}$ $\triangle$ positive system $\triangle_{+}$
. $\Sigma_{+};=\{\alpha|_{a}\in\Sigma|\alpha\in\Delta+\}\backslash \{0\}$ $\Sigma$ positive system
$o\Sigma_{+}^{c}:=\{\alpha|_{\mathfrak{a}^{c}}\in\Sigma^{c}|\alpha\in\Delta+\}\backslash \{0\}$ $\Sigma^{c}$ positive system
positive system $\Delta+$ $\mathfrak{j}_{+};=\{X\in)|\alpha(X)\geq$
$0(^{\forall}\alpha\in\triangle_{+})\},$ $\alpha_{+};=\{X\in\alpha|\xi(X)\geq 0(\xi\in\Sigma_{+})\},$ $\alpha_{+}^{c};=\{X\in\alpha^{c}|\eta(X)\geq$
$0(\eta\in\Sigma_{+}^{c})\}$ $\Delta,$ $\Sigma,$ $\Sigma^{c}$ $W(\Delta),$ $W(\Sigma),$ $W(\Sigma^{c})$
$i+,$ $\alpha+\alpha_{+}^{c}$ $W(\Delta),$ $W(\Sigma),$ $W(\Sigma^{c})$
$a_{+}=)+\cap\alpha,$ $\alpha_{+}^{c}=\mathfrak{j}_{+}\cap\alpha^{c}$
38
313. $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$ $\mathcal{O}_{hyp}$ ) $+$ $X_{O_{hyp}}\in;_{+}$
$\mathcal{O}_{hyp}$ $\mathfrak{g}$ $X_{O_{hyp}}\in\alpha+$ $\mathcal{O}_{hyp}$






Fact 3.14 (Jacobson-Morozov, Kostant). $9c$ $\mathcal{O}_{nilp}$
$(\star)$ $\mathcal{O}_{hyp}$
$(\star)$ : $\psi$ : $\epsilon\downarrow(2, \mathbb{C})arrow 9c$
$\psi(\begin{array}{ll}0 10 0\end{array})\in \mathcal{O}_{nilp}$ , $\psi(\begin{array}{ll}1 00 -l\end{array})\in \mathcal{O}_{hyp}$
Fact 3.15 (Malcev). Fact 3.14 $\mathfrak{g}_{\mathbb{C}}$ $\mathfrak{g}_{\mathbb{C}}$
$\mathbb{R}_{\geq 0}$- Dynkin
$\mathbb{R}_{\geq 0}$- Dynkin $\{0,1,2\}$
(Dynkin [5]), (cf. Bala-Carter [2]).




22 $0$ 2 2[5, 1] –
2 $0$ 2 $0$ 2
$\frac\frac{}{2}\frac{[4,2]-}{[3^{2}][4,1^{2}]\underline{0200\underline{21012}},11011}$




$\mathfrak{g}$ $\mathfrak{g}_{\mathbb{C}}$ Fact $9c$ 9
Fact 3.17 (cf. [19, Proposition 1.11]). $9\mathbb{C}$ $\mathfrak{g}$
Fact 3.14 $\mathcal{O}_{nilp}$ $\mathfrak{g}$ $\mathcal{O}_{hyp}$ $\mathfrak{g}$
Fact 311
318. $9\mathbb{C}=z1(6, \mathbb{C}),$ $\mathfrak{g}=su(4,2)$ $5U(4,2)$ 312
316 5U(4,2)
[5, 1], $[$4, $1^{2}],$ $[3^{2}],$ $[3,2,1],$ $[3,1^{3}],$ $[2^{2},1^{2}],$ $[2,1^{4}],$ $[1^{6}]$
$51(6, \mathbb{C})$ $\epsilon u(4,2)$
4 23
4.1 (iv) (v)
23 (iv) (v) (
).
12
Fact 3.14 $9c$ $\mathfrak{g}_{\mathbb{C}}$
4.1. $\mathfrak{g}_{\mathbb{C}}$ $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{nilp}$
Fact 3.14 $\mathcal{O}_{hyp}$ $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$
42. $\epsilon t(2, \mathbb{C})$ $(\begin{array}{ll}1 00 -1\end{array})$ $(\begin{array}{ll}-1 00 1\end{array})$
Proof. $(\begin{array}{ll}0 1-1 0\end{array})\in SL(2, \mathbb{C})$ $SL(2, \mathbb{C})$ Ad $((\begin{array}{ll}0 1-1 0\end{array}))\in$
Int $st(2, \mathbb{C})$
$Ad((\begin{array}{ll}0 1-1 0\end{array}))(\begin{array}{ll}1 00 -1\end{array})=(\begin{array}{ll}0 1-1 0\end{array})(\begin{array}{ll}1 00 -1\end{array})(\begin{array}{ll}0 1-1 0\end{array})$
$=(\begin{array}{ll}-1 00 1\end{array})$ .
41
Proof. $X\in O_{hyp}$ $-X\in \mathcal{O}_{hyp}$ Fact 3.14
$\psi$ : $\epsilon \mathfrak{l}(2, \mathbb{C})arrow \mathfrak{g}c$
$\psi(\begin{array}{ll}0 10 0\end{array})\in \mathcal{O}_{nilp}$ , $\psi(\begin{array}{ll}1 00 -1\end{array})=X$




$Exp(ad_{\mathfrak{s}I(2,\mathbb{C})}A_{1})\circ\cdots oExp(ad_{\epsilon I(2,\mathbb{C})}A_{m})(\begin{array}{ll}1 00 -1\end{array})=(\begin{array}{ll}-1 00 1\end{array})$
$g:=Exp(ad_{gc}\psi(A_{1}))0\cdots\circ Exp(ad_{9\mathbb{C}}\psi(A_{m}))\in$ Int $9\mathbb{C}$
13
$g\cdot\psi(\begin{array}{ll}1 00 -1\end{array})=\psi(\begin{array}{ll}-1 00 1\end{array})$ $\psi(\begin{array}{ll}-1 00 1\end{array})\in \mathcal{O}_{hyp}$
Fact 41 23 (iv) (v)
2.3 $(iv)\Rightarrow(v)$ $O_{nilp}$ $9c$ $\mathfrak{g}$ $\mathfrak{g}^{c}$
Fact 3.14 $\mathcal{O}_{hyp}$
4.1 $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ Fact 3.17 $\mathcal{O}_{hyp}$ $\mathfrak{g}$ $\mathfrak{g}^{c}$
42 (v) (iv)
$\mathfrak{g}_{\mathbb{C}}$ 34 $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{hyp}$
$-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ ) $+$ $X_{O_{hyp}}$ $w+$
) $-w+;=\{X\in)|-w+X=X\}$ Fact 3.14
$\mathbb{C}$
$O_{nilp}$ $\mathfrak{g}_{\mathbb{C}}$ Fact 3.1
$O_{nilp}$ ) $+$ $X_{O_{nilp}}$
gc Fact 3.17 $O_{nilp}$ $\mathfrak{g}$
$\mathfrak{g}$ 38
$X_{O_{nilp}}$ $\alpha+$ 23 $(v)\Rightarrow(iv)$
:
43. \S 33 :






\S 34 313 :
14
44. \S 34 :
(v) $-\mathcal{O}_{hyp}=\mathcal{O}_{hyp}$ $9c$ $\mathcal{O}_{hyp}$ $\mathfrak{g}^{c}$
(vi) $)^{-w_{+}}\cap(a+\backslash a_{+}^{c})\neq\emptyset$ .
313 :
45. \S 34 :
(iv) $\mathfrak{g}_{\mathbb{C}}$ $\mathcal{O}_{nilp}$ $\mathfrak{g}$ $\mathfrak{g}^{c}$
(vii) $\mathcal{B}c$ $\mathcal{O}_{nilp}$ 7 $X_{\mathcal{O}_{nilp}}\in\alpha+\backslash$
(vi) (vii)
43
(vi) $\Rightarrow$ (vii) $\mathbb{C}$ $\mathfrak{g}$ $\{O_{1}, \ldots, O_{m}\}$
( $\mathbb{C}$ ). $)^{-w_{+}}\cap(a+\backslash \alpha_{+}^{c})\neq\emptyset$”
$i\in\{1, \ldots m\}$ $O_{i}\cap \mathfrak{g}^{c}=\emptyset$ 38
$i$ $X_{O_{i}}\not\in\alpha_{+}^{c}$
$X\in)^{-w_{+\cap}}(a+\backslash \alpha_{+}^{c})$ $X$ 43
$X=c_{1}X_{\mathcal{O}_{1}}+\cdots+c_{m}X_{\mathcal{O}_{m}}$ $(^{\text{ }}c_{i}\in \mathbb{R},$ $i=1,$ $\ldots,$ $m)$
$i=1,$ $\ldots m$ $X_{\mathcal{O}_{i}}\in\alpha_{+}^{c}$ $\alpha^{c}$
$X\in\alpha+\backslash \alpha_{+}^{c}\subset \mathfrak{j}+$ $\alpha_{+}^{c}=$ ) $+\cap\alpha^{c}$ $X\not\in a^{c}$
43 23
5 4.3
43 $F$ \S 33
$)^{-w_{+}}\cap\alpha\supset \mathbb{R}-span\langle X_{\mathcal{O}_{nilp}}\in\alpha+|\mathcal{O}_{nilp}$
$\mathbb{C}$
$O_{ni}$ 1 $p$ $\neq\emptyset\rangle$
34, 38, 41








$O_{n}$ $\{X_{\mathcal{O}_{i}}|i=1, \ldots, n\}$
$)-w_{+\cap a}$ Dynkin $(\mathfrak{g}$
).
$\mathfrak{g}=5U(4,2)$ , $\mathfrak{g}=\mathfrak{s}u^{*}(6)$





$\{\underline{ab0b}a$ $|a,$ $b\in \mathbb{R}\}$
3.16 Dynkin
$\{X_{O_{nilp}}|O_{nilp}$ 5 $[(6, \mathbb{C})$ } Dynkin
$)^{-w+}\cap a$
[5, 1], $[$4, $1^{2}],$ $[3^{2}],$ $[3,2,1],$ $[3,1^{3}],$ $[2^{2},1^{2}],$ $[2,1^{4}],$ $[1^{6}]$
Dynkin ( [5, 1], $[$4, $1^{2}]$
) $\mathfrak{g}=5U(4,2)$ 43
52. $9c=\epsilon 1(6, \mathbb{C}),$ $\mathfrak{g}=zu^{*}(6)$ $5[(6, \mathbb{C})$
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